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Abstract
The main goal of the article is to study the Pontryagin duality for Abelian s-
and sb-groups. Let G be an infinite Abelian group and X be the dual group
of the discrete group Gd. We show that a dense subgroup H of X is g-closed
iff H algebraically is the dual group of G endowed with some maximally
almost periodic s-topology. Every reflexive Polish Abelian group is g-closed
in its Bohr compactification. If a s-topology τ on a countably infinite Abelian
group G is generated by a countable set of convergent sequences, then the
dual group of (G, τ) is Polish. A non-trivial Hausdorff Abelian topological
group is a s-group iff it is a quotient group of the s-sum of a family of copies
of (ZN0 , e).
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1. Introduction
I. Notations and preliminaries result. A group G with the discrete
topology is denoted by Gd. The subgroup generated by a subset A of G is
denoted by 〈A〉. Let X be an Abelian topological group. A basis of open
neighborhoods at zero of X is denoted by UX . The group of all continu-
ous characters on X is denoted by X̂ . X̂ endowed with the compact-open
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topology is denoted by X∧. Denote by n(X) = ∩χ∈X̂kerχ the von Neumann
radical of X . If n(X) = {0}, X is called maximally almost periodic (MAP ).
Let X be an Abelian topological group and u = {un} be a sequence of
elements of X̂ . Following Dikranjan et al. [7], we denote by su(X) the set of
all x ∈ X such that (un, x)→ 1. Let H be a subgroup ofX . IfH = su(X) we
say that u characterizes H and that H is characterized (by u) [7]. Let X be a
metrizable compact Abelian group. By [10, Corollary 1], each characterized
subgroup H = su(X) admits a locally quasi-convex Polish group topology.
We denote the group H = su(X) with this topology by Hu.
Let H be a subgroup of an Abelian topological group X . Following [7],
the closure operator gX is defined as follows
g(H) = gX(H) :=
⋂
u∈X̂N
{su(X) : H ≤ su(X)} ,
and we say that H is g-closed if H = g(H). For an arbitrary subset S of X̂N,
one puts
sS(X) :=
⋂
u∈S
su(X).
Let u = {un} be a non-trivial sequence in an Abelian group G. The
following very important questions has been studied by many authors as
Graev [13], Nienhuys [16], and others:
Problem 1.1. Is there a Hausdorff group topology τ on G such that un → 0
in (G, τ)?
Protasov and Zelenyuk [19, 20] obtained a criterion that gives the complete
answer to this question. Following [19], we say that a sequence u = {un} in a
group G is a T -sequence if there is a Hausdorff group topology on G in which
un converges to 0. The group G equipped with the finest Hausdorff group
topology τu with this property is denoted by (G,u). A T -sequence u = {un}
is called trivial if there is n0 such that un = 0 for every n ≥ n0.
Let G be a countably infinite Abelian group, X = G∧d , u = {un} be a
T -sequence in G and H = su(X). There is a simple dual connection between
the groups (G,u) and Hu, and, moreover, we can compute the von Neumann
radical n(G,u) of (G,u) as follows:
Theorem 1.2. [10] (G,u)∧ = Hu and, algebraically, n(G,u) = H
⊥.
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The counterpart of Problem 1.1 for precompact group topologies on Z is
studied by Raczkowski [17]. Following [2] and motivated by [17], we say that
a sequence u = {un} is a TB-sequence in an Abelian group G if there is a
precompact Hausdorff group topology on G in which un → 0. The group G
equipped with the finest precompact Hausdorff group topology τbu with this
property is denoted by (G, bu).
For an Abelian group G and an arbitrary subgroup H ≤ G∧d , let TH be
the weakest topology on G such that all characters of H are continuous with
respect to TH . One can easily show [5] that TH is a totally bounded group
topology on G, and it is Hausdorff iff H is dense in G∧d .
A subset A of a topological space Ω is called sequentially open if whenever
a sequence {un} converges to a point of A, then all but finitely many of the
members un are contained in A. The space Ω is called sequential if any subset
A is open if and only if A is sequentially open. Franklin [9] gave the following
characterization of sequential spaces:
Theorem 1.3. [9] A topological space is sequential if and only if it is a
quotient of a metric space.
The following natural generalization of Problem 1.1 was considered in
[12]:
Problem 1.4. Let G be a group and S be a set of sequences in G. Is there a
(resp. precompact) Hausdorff group topology τ on G in which every sequence
of S converges to zero?
By analogy with T - and TB-sequences, we define [12]:
Definition 1.5. Let G be an Abelian group and S be a set of sequences in
G. The set S is called a TS-set (resp. TBS-set) of sequences if there is a
Hausdorff (resp. precompact Hausdorff) group topology on G in which all
sequences of S converge to zero. The finest Hausdorff (resp. precompact
Hausdorff) group topology with this property is denoted by τS (resp. τbS).
The set of all TS-sets (resp. TBS-sets) of sequences of a group G we
denote by T S(G) (resp. T BS(G)). It is clear that, if S ∈ T S(G) (resp.
S ∈ T BS(G)), then S ′ ∈ T S(G) (resp. S ′ ∈ T BS(G)) for every nonempty
subset S ′ of S and every sequence u ∈ S is a T -sequence (resp. u is a TB-
sequence). Evidently, τS ⊆ τS′ (resp. τbS ⊆ τbS′). Also, if S contains only
trivial T -sequences, then S ∈ ST (G) and τS is discrete.
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By definition, τu is finer than τS (resp. τbu is finer than τbS) for every
u ∈ S. Thus, if U is open (resp. closed) in τS , then it is open (resp. closed)
in τu for every u ∈ S. So, by definition, we obtain that τS ⊆
∧
u∈S τu (resp.
τbS ⊆
∧
u∈S τbu).
The following class of topological groups is defined in [12]:
Definition 1.6. A Hausdorff Abelian topological group (G, τ) is called a s-
group (resp. a bs-group) and the topology τ is called a s-topology (resp. a
bs-topology) on G if there is S ∈ T S(G) (resp. S ∈ T BS(G)) such that
τ = τS (resp. τ = τbS).
In other words, s-groups are those topological groups whose topology can be
described by a set of convergent sequences. The family of all Abelian s-group
is denoted by SA.
One of the most natural way how to find TS-sets of sequences is as follows.
Let (G, τ) be a Hausdorff Abelian topological group. We denote the set of
all sequences of (G, τ) converging to zero by S(G, τ):
S(G, τ) = {u = {un} ⊂ G : un → 0 in τ} .
It is clear, that S(G, τ) ∈ T S(G) and τ ⊆ τS(G,τ). The group s(G, τ) :=
(G, τS(G,τ)) is called the s-refinement of (G, τ) [12].
In [12] it is proved that the class SA is closed under taking of quotient and
it is finitely multiplicative. It is natural that this class contains all sequential
groups [12]. For every countable TS-set of sequences in an Abelian group
G the space (G, τS) is complete and sequential (see [12]). Another non-
trivial examples of sequential Hausdorff Abelian groups see [4]. A complete
description of Abelian s-groups is given in [12].
Let X and Y be topological groups. Following Siwiec [18], a continuous
homomorphism p : X → Y is called sequence-covering if and only if it is
surjective and for every sequence {yn} converging to the unit eY there is a
sequence {xn} converging to eX such that p(xn) = yn.
II. Main results. The main goal of the article is to study the Pon-
tryagin duality for Abelian s- and sb-groups. We give a simple dual con-
nection between the MAP s-topologies on an infinite Abelian group G and
the dense g-closed subgroups of the compact group G∧d . Also we describe all
bs-topologies on G.
The article is organized as follows. In Section 2 we study the dual groups
of Abelian s- and sb-groups and prove the following generalization of the
algebraic part of Theorem 1.2:
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Theorem 1.7. Let S ∈ T S(G) for an infinite Abelian group G and iS :
Gd → (G, τS), iS(g) = g, be the natural continuous isomorphism. Then
1) i∧S ((G, τS)
∧) = sS(G
∧
d );
2) n(G, τS) = [sS(G
∧
d )]
⊥ algebraically.
Also, in this section, we describe all sb-topologies on an infinite Abelian group
G. In [7], it was pointed out that τbu = Tsu(G∧d ) for one TB-sequence u. The
following theorem generalizes this fact:
Theorem 1.8. Let S ∈ T BS(G) for an infinite Abelian group G and jS :
Gd → (G, τbS), jS(g) = g, be the natural continuous isomorphism. Then
1) j∧S ((G, τS)
∧) = sS(G
∧
d );
2) τbS = TsS(G∧d ).
As an immediate corollary of Theorems 1.7 and 1.8 we obtain:
Corollary 1.9. Let S ∈ T BS(G) for an infinite Abelian group G and j :
(G, τS) → (G, τbS), j(g) = g, be the natural continuous isomorphism. Then
its conjugate homomorphism j∧ : (G, τbS)
∧ → (G, τS)
∧ is a continuous iso-
morphism.
Using Theorem 1.7 we obtain the following dual connection between dual
groups of s-groups and g-closed subgroups of compact Abelian groups:
Theorem 1.10. Let G be an infinite Abelian group. Set X = G∧d .
(i) If S ∈ T S(G) and iS : Gd → (G, τS) is the natural continuous isomor-
phism, then i∧S ((G, τS)
∧) is a g-closed subgroup of X.
(ii) If H is a g-closed subgroup of X, then there is S ∈ T BS ((clH)∧) such
that H = ((clH)∧, τS)
∧ algebraically.
The following two statements are immediately corollaries of Theorem 1.10
and the fact that every sequential group is a s-group [12]:
Corollary 1.11. A dense subgroup H of an infinite compact Abelian group
X is g-closed if and only if H algebraically is the dual group of X̂ endowed
with some MAP s-topology.
Corollary 1.12. The dual group of a sequential group (G, τ) is a g-closed
subgroup of the compact group G∧d .
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For an Abelian topological group (G, τ), bG = Ĝ∧d denotes its Bohr com-
pactification. We shall identify G, if it is MAP , and G∧∧ with their images
in bG (see below Section 2). From Corollary 1.11 we obtain:
Corollary 1.13. Let an Abelian topological group (G, τ) be such that G∧ is
a s-group. Then G∧∧ is a dense g-closed subgroup of bG.
Further, we show:
Proposition 1.14. Every reflexive Polish Abelian group (in particular, ev-
ery separable locally convex Banach space or separable metrizable locally com-
pact Abelian group) is g-closed in its Bohr compactification.
In [12], a general criterion to be a s-group is given. In Section 3 we obtain
another analog of Franklin’s theorem 1.3 for Abelian s-groups. Let {Gi}i∈I ,
where I is a non-empty set of indices, be a family of Abelian groups. The
direct sum of Gi is denoted by∑
i∈I
Gi :=
{
(gi)i∈I ∈
∏
i∈I
Gi : gi = 0 for almost all i
}
.
We denote by jk the natural including of Gk into
∑
i∈I Gi, i.e.:
jk(g) = (gi) ∈
∑
i∈I
Gi, where gi = g if i = k and gi = 0 if i 6= k.
Let Gi = (Gi, τi) be an Abelian s-group for every i ∈ I. It is easy to show
that the set
⋃
i∈I ji (S(Gi, τi)) is a TS-set of sequences in
∑
i∈I Gi (see Section
4).
Definition 1.15. Let {(Gi, τi)}i∈I be a non-empty family of Abelian s-groups.
The group
∑
i∈I Gi endowed with the finest Hausdorff group topology τ
s in
which every sequence of
⋃
i∈I ji (S(Gi, τi)) converges to zero is called the s-
sum of Gi and it is denoted by s−
∑
i∈IGi.
By definition, the s-sum of s-groups is a s-group either. Note that the s-sum
of s-groups can be defined also for non-Abelian s-groups.
Set ZN0 = {(n1, . . . , nk, 0, . . . )|nj ∈ Z} and e = {en} ∈ Z
N
0 , where
e1 = (1, 0, 0, . . . ), e2 = (0, 1, 0, . . . ), . . . . Then e is a T -sequence in Z
N
0 . The
following theorem gives a characterization of Abelian s-groups and it can be
considered as a natural analog of Franklin’s theorem 1.3:
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Theorem 1.16. Let (X, τ) be a non-discrete Hausdorff Abelian topological
group. The following statements are equivalent:
(i) (X, τ) is a s-group;
(ii) (X, τ) is a quotient group of the s-sum of a non-empty family of copies
of (ZN0 , e). Moreover, a quotient map may be chosen to be sequence-
covering.
Let G be an infinite Abelian group. In Section 4 we consider the case of
countable S ∈ T S(G). In this case, the topology τS has a simple description
(see Proposition 2.2). The main result of the section is the following:
Theorem 1.17. Let G be a countably infinite Abelian group and let S =
{un}n∈ω ∈ T S(G). Then (G, τS)
∧ is a Polish group. More precisely, (G, τS)
∧
embeds onto a closed subgroup of the Polish group
∏
n∈ω(G,un)
∧.
As a corollary we prove the following two propositions (see Problems 2.21
and 2.22 [11]):
Proposition 1.18. Let {Xn}n∈ω be a sequence of second countable locally
compact Abelian groups. Then there is a complete countably infinite Abelian
MAP s-group (G, τ) such that
(G, τ)∧ =
∏
n∈ω
Xn.
Proposition 1.19. There is a complete sequential MAP group topology τ
on ZN0 such that
(ZN0 , τ)
∧ = RN.
In the last section we pose some open questions.
2. Duality
The following lemma will be used several times in the article:
Lemma 2.1. [7, Lemma 3.1] Let G be an Abelian topological group and let
H ≤ G∧. Then, for a sequence u = {un} in G, one has un → 0 in (G, TH)
if and only if H ≤ su(G
∧).
The following proposition connects the notions of T - and TB-sequences
(for countably infinite G see [10]).
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Proposition 2.2. Let u = {un} be a sequence in an Abelian group G. Then
(i) u is a TB-sequence if and only if it is a T -sequence and (G,u) isMAP .
(ii) Let u be a TB-sequence and let iu : Gd → (G,u) and ju : Gd → (G, bu),
iu(g) = ju(g) = g, be the natural continuous isomorphisms. Then
i∧
u
((G,u)∧) = j∧
u
((G, bu)∧) = su(G
∧
d ).
(iii) [7] If u is a TB-sequence, then τbu = Tsu(G∧d ).
Proof. Set H = i∧
u
((G,u)∧), Y = j∧
u
((G, bu)∧) and h : (G,u) → (G, bu),
h(g) = g. Then h is a continuous isomorphism and ju = h◦iu. So j
∧
u
= i∧
u
◦h∧
and Y ⊆ H .
(i) It is clear that, if a sequence u = {un} is a TB-sequence, then it is
a T -sequence and (G,u) is MAP . Let us prove the converse assertion. Let
x ∈ H and x = i∧
u
(χ), χ ∈ (G,u)∧. Then (un, x) = (iu(un), χ) → 1. Thus
Y ⊆ H ⊆ su(G
∧
d ). Hence, by Lemma 2.1, un → 0 in TH . Since i
∧
u
is injective
and (G,u) is MAP , the topology TH is Hausdorff. Since TH is precompact,
u is a TB-sequence.
(ii) We claim that Y = H = su(G
∧
d ). Indeed, by Lemma 2.1, un → 0
in Tsu(G∧d ). Thus the topology τbu is finer than Tsu(G∧d ). Hence, by [5, 1.2
and 1.4], we have su(G
∧
d ) ⊆ Y . By item (i) of the proof, we obtain that
Y = H = su(G
∧
d ).
(iii) follows from item (ii) and [5, Theorem 1.2].
Proof of Theorem 1.7. 1) By definition, the natural inclusions iu : Gd →
(G,u) and tu : (G,u) → (G, τS), iu(g) = tu(g) = g, are continuous iso-
morphisms for every u ∈ S, and iS = tu ◦ iu. By Proposition 2.2(ii),
i∧
u
((G,u)∧) = su(G
∧
d ). Hence i
∧
S ((G, τS)
∧) ⊆ su(G
∧
d ) for every u ∈ S. So
i∧S ((G, τS)
∧) ⊆ sS(G
∧
d ).
Conversely, let x ∈ sS(G
∧
d ). By Proposition 2.2(ii), x ∈ i
∧
u
((G,u)∧) for
every u = {un} ∈ S. Thus, x is an algebraic homomorphism from (G, τS)
into T such that, by the definition of the topology τu, (un, x) → 1 for every
u ∈ S. By [12, Theorem 2.4], x is a continuous character of (G, τS). So
x ∈ i∧S ((G, τS)
∧).
2) By 1), algebraically we have
n(G, τS) =
⋂
χ∈(G,τS)∧
kerχ =
⋂
x∈sS(G∧d )
ker x = [sS(G
∧
d )]
⊥
. 
Corollary 2.3. Let G be an infinite Abelian group and S be an arbitrary set
of sequences in G. Then the following statements are equivalent:
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1) S ∈ T BS(G);
2) S ∈ T S(G) and (G, τS) is MAP ;
3) sS(G
∧
d ) is dense in G
∧
d .
Proof. 1)⇒ 2) is trivial.
2)⇒ 3) By Theorem 1.7, (G, τS) is MAP iff sS(G
∧
d ) is dense in G
∧
d .
3)⇒ 1) For simplicity we set H := sS(G
∧
d ). By Lemma 2.1, every u ∈ S
converges to zero in TH . Since H is dense in G
∧
d , by [5, Theorem 1.9], TH is
Hausdorff. So S ∈ T BS(G).
Proof of Theorem 1.8. Set H := sS(G
∧
d ) and Y = j
∧
S ((G, τbS)
∧). By
Theorem 1.7, H = i∧S ((G, τS)
∧). Since τS is finer than τbS, the identity map
j : (G, τS) → (G, τbS) is a continuous isomorphism. Hence j
∧ : (G, τbS)
∧ →
(G, τS)
∧ is a continuous monomorphism. Since j∧S = i
∧
S ◦ j
∧, we have Y ⊆ H .
By Lemma 2.1, every u ∈ S converges to zero in TH . Thus, τbS is finer than
TH . Hence, by [5, 1.2 and 1.4], H ⊆ Y . Thus, H = Y . By [5, Theorems 1.2
and 1.3], τbS = TH . 
The following corollary generalizes [7, Proposition 3.2].
Corollary 2.4. Let G be an infinite Abelian group and S ∈ T BS(G). Then:
1) ω(G, τbS) = |sS(G
∧
d )|;
2) τbS is metrizable iff sS(G
∧
d ) is countable.
Proof. 1) follows from Theorem 1.8 and the property ω(G, TY ) = |Y | of
the topology TY generated by any subgroup Y ≤ G
∧
d .
Put H := sS(G
∧
d ). By Corollary 2.3, H is a point-separating subgroup of
G∧d . Thus 2) follows from Theorem 1.8 and [5, Theorem 1.11].
Remark 1. Note that, in general, for τS the equality ω(G, τS) = |sS(G
∧
d )|
is not fulfilled. Indeed, let S = {u} contain only one T -sequence and let
S be such that sS(G
∧
d ) is countably infinite and dense in G
∧
d [6]. Then
|sS(G
∧
d )| = ℵ0, but (G, τS) is not metrizable [19], and hence ω(G, τS) > ℵ0.
Now, let (G, τ) be a dense countable subgroup of a locally compact non-
compact Abelian metrizable group X with the induced topology and S =
S(G, τ). By [12, Theorem 1.13], ω(G, τS) = ω(G, τ) = ℵ0, but |sS(G
∧
d )| =
|X∧| = c.
As usual, the natural homomorphism from an Abelian topological group
G into its bidual group G∧∧ is denoted by α.
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Corollary 2.5. Let G be a countably infinite Abelian group and S ∈ T BS(G).
If sS(G
∧
d ) is countable, then (G, τbS)
∧ is discrete. In particular, (G, τbS) is
not reflexive.
Proof. By Corollary 2.4, τbS is metrizable. Hence the completion G of
(G, τbS) is a metrizable compact group. Thus, G is determined [1, 3]. Hence
(G, τbS)
∧ is topologically isomorphic to the discrete group G
∧
. In particu-
lar, (G, τbS)
∧∧ is an infinite compact group. Since G is countable, α(G) 6=
(G, τbS)
∧∧. So (G, τbS) is not reflexive.
Corollary 2.6. Let G be a countably infinite Abelian group, u be a TB-
sequence and j : (G,u) → (G, bu) be the identity continuous isomorphism.
If su(G
∧
d ) is countable, then j
∧ is a topological isomorphism.
Proof. j∧ is a continuous isomorphism by Corollary 1.9. Since, by Theorem
1.2, (G,u)∧ is complete and countable, it is discrete. Thus (G, τbS)
∧ is also
discrete and j∧ is a topological isomorphism. 
Proof of Theorem 1.10. (i) follows from Theorem 1.7(1) and the definitions
of g-closed subgroups.
(ii) It is clear that H is a g-closed dense subgroup of clH . Put
S := {u ∈ ((clH)∧)
N
: H ≤ su(clH)}.
By the definition of g-closed subgroups, H = sS(clH). Since H is dense in
clH , S ∈ T BS((clH)∧) by Corollary 2.3. Now the assertion follows from
Theorem 1.7(1). 
Let G be aMAP Abelian topological group, X = Ĝ and α be the natural
including of G into G∧∧. Since G is MAP , α is injective. The weak and
weak∗ group topologies on X we denote by τw and τw∗ respectively, i.e., τw =
σ(X,G) and τw∗ = σ(X,G
∧∧). The compact-open topology on X is denoted
by τco. Then τw ⊆ τw∗ ⊆ τco. Let t : Xd → (X, τco)(= G
∧), t(x) = x, be
the natural continuous isomorphism and b := t∧ be its conjugate continuous
monomorphism. Set bG := X∧d . It is well known that the group bG with the
continuous monomorphism b◦α is the Bohr compactification of G (although
α need not be continuous, but b◦α is always continuous since (b◦α(g), x) =
(α(g), t(x)) = (x, g) for every g ∈ G and x ∈ Xd). We shall algebraically
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identify G and G∧∧ with their images b◦α(G) and b (G∧∧) respectively saying
that they are subgroups of bG. It is clear that
gbG(b ◦ α(G)) ⊆ gbG(b (G
∧∧)) . (2.1)
Proposition 2.7. Let G be a MAP Abelian topological group and X = Ĝ.
The following statements are equivalent:
(i) s(X, τw) = s(X, τw∗);
(ii) gbG(b ◦ α(G)) = gbG(b (G
∧∧)).
In particular, if G is reflexive, then (i) and (ii) are fulfilled.
Proof. (i)⇒(ii). By (2.1), we have to show that gbG(b◦α(G)) ⊇ gbG(b (G
∧∧)) .
Let u = {un}n∈ω ⊂ X be such that b ◦ α(G) ⊆ su(bG). This means that
(b ◦ α(g), un) = (un, g)→ 1 for every g ∈ G, i.e., u ∈ S(X, τw). By hypothe-
sis, u ∈ S(X, τw∗) either. Hence
(b(χ), un) = (χ, un)→ 1 for every χ ∈ G
∧∧,
i.e., b(G∧∧) ⊆ su(bG). So gbG(b ◦ α(G)) ⊇ gbG(b (G
∧∧)) .
(ii)⇒(i). Since τw ⊆ τw∗ , we have to show only that if u = {un}n∈ω ∈
S(X, τw), then also u ∈ S(X, τw∗). Assuming the converse we can find χ ∈
G∧∧ such that
(χ, un) 6→ 1, at n→∞.
Then b(χ) 6∈ su(bG). Thus b(χ) 6∈ gbG(b ◦ α(G)). A contradiction.
Proof of Proposition 1.14. Since G is reflexive, τw = τw∗ . By Proposition
2.7, we have gbG(b ◦ α(G)) = gbG(b (G
∧∧)). By [4, Theorem 2.4], the dual
group of a separable metrizable Abelian group G is sequential. By [12, Theo-
rem 1.13], G∧ is a s-group. Hence, by Theorem 1.10, gbG(b◦α(G)) = b◦α(G)
and b ◦ α(G) is a g-closed subgroup of bG. 
Now we discuss the minimality of |S| of TS-sets S which generate the
same topology.
Definition 2.8. Let G be an Abelian group.
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(1) If S ∈ T S(G), we put
rs(S) = inf {|B| : (G, τB) ∼= (G, τS) and B ∈ T S(G)} ,
r∧s (S) = inf {|B| : sB(G
∧
d ) = sS(G
∧
d ) and B ∈ T S(G)} .
(2) If S ∈ T BS(G), we put
rb(S) = inf {|B| : (G, τbB) ∼= (G, τbS) and B ∈ T BS(G)} ,
r∧b (S) = inf {|B| : sB(G
∧
d ) = sS(G
∧
d ) and B ∈ T BS(G)} .
Remark 2. Let (G, τ) be a s-group and τ = τS for some S ∈ T S(G). Then
the number rs(S) coincides with the number rs(G, τ) that is defined in [12].
Proposition 2.9. Let G be an infinite Abelian group.
1) If S ∈ T S(G), then r∧s (S) ≤ rs(S).
2) If S ∈ T BS(G), then r∧s (S) = r
∧
b (S) = rb(S).
3) If S ∈ T S(G) is finite, then rs(S) = r
∧
s (S) = 1.
Proof. 1) Let B ∈ T S(G) be such that (G, τB) ∼= (G, τS). By Theorem
1.7(1), algebraically,
sB(G
∧
d ) = (G, τB)
∧ = (G, τS)
∧ = sS(G
∧
d ).
So |B| ≥ r∧s (S). Thus r
∧
s (S) ≤ rs(S).
2) Let S ∈ T BS(G). By Corollary 2.3, sS(G
∧
d ) is dense in G
∧
d . Hence,
if sB(G
∧
d ) = sS(G
∧
d ) for B ∈ T S(G), then, by Corollary 2.3, B ∈ T BS(G).
Thus, r∧s (S) = r
∧
b (S).
Let B ∈ T BS(G). By Theorem 1.8 and [5, Theorem 1.3], sB(G
∧
d ) =
sS(G
∧
d ) if and only if τbB = τbS. So rb(S) = r
∧
b (S).
3) By Proposition 2.6 of [12], rs(S) = 1 and the assertion follows from
item 1).
Example 2.1. Let (G, τ) be a dense countably infinite subgroup of a com-
pact infinite metrizable Abelian group with the induced topology. Thus
(G, τ) is a s-group. Set S = S(G, τ). Since (G,u) is either discrete or non
metrizable, by Proposition 2.9(3), we have rs(S) ≥ ℵ0. On the other hand, by
Theorem 1.7, algebraically, sS(G
∧
d ) = (G, τ)
∧ is a countable subgroup of G∧d .
So, by [6], there exists a TB-sequence u in G such that su(G
∧
d ) = sS(G
∧
d ).
Thus r∧s (S) = 1 and hence rs(S) > r
∧
s (S). We do not know any characteri-
zation of those s-groups for which rs(S) = r
∧
s (S). 
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3. Structure of Abelian s-groups
In the following proposition we describe all sequences converging to zero
in (G,u).
Proposition 3.1. Let u = {un} be a T -sequence in an Abelian group G. A
sequence v = {vn} converges to zero in (G,u) if and only if there are m ≥ 0
and n0 ≥ 0 such that for every n ≥ n0 each member vn 6= 0 can be represented
in the form
vn = a
n
1ukn1 + · · ·+ a
n
ln
ukn
ln
,
where kn1 < · · · < k
n
ln
, |an1 |+ · · ·+ |a
n
ln
| ≤ m+ 1 and kn1 →∞.
Proof. If either u or v is trivial, the proposition is evident. Assume that
u and v are non-trivial. The sufficiency is clear. Let us prove the necessity.
Since the subgroup 〈u〉 of G is open in τu, there is n0 such that vn ∈ 〈u〉 for
every n ≥ n0. Thus, without loss of generality, we may assume that 〈u〉 = G.
Since v∪{0} is compact and 〈u〉 = G, by [12, Theorem 2.10], there is m ≥ 0
such that v ⊂ A(m, 0). So, if vn 6= 0, then
vn = a
n
1ukn1 +· · ·+a
n
ln
ukn
ln
, where kn1 < · · · < k
n
ln
and |an1 |+· · ·+|a
n
ln
| ≤ m+1.
(3.1)
Also we may assume that for any fix n every sum of terms of the form ani ukni
in (3.1) is not equal to zero (in particular, ani ukni 6= 0 for i = 1, . . . , ln).
Now we have to show that kn1 →∞. Assuming the converse and passing to
a subsequence we may suppose that kn1 = k1, a
n
1 = a1 and a
n
kn
1
ukn
1
= a1uk1 6= 0
for every n. So
vn = a1uk1 + a
n
2ukn2 + · · ·+ a
n
ln
ukn
ln
= a1uk1 + w
1
n.
If kn2 → ∞, we obtain that w
1
n converges to zero. Hence 0 6= a1uk1 =
vn−w
1
n → 0. This is a contradiction. Thus, there is a bounded subsequence
of {kn2}. Passing to a subsequence we may suppose that k
n
2 = k2, a
n
2 = a2
and an2ukn2 = a2uk2 6= 0 for every n. So
vn = a1uk1 + a2uk2 + a
n
3ukn3 + · · ·+ a
n
ln
ukn
ln
= a1uk1 + a2uk2 + w
2
n.
By hypothesis, a1uk1 + a2uk2 6= 0. And so on. Since
0 < |a1| < |a1|+ |a2| < · · · ≤ m+ 1,
after at most m+ 1 steps, we obtain that there is a fix and non-zero subse-
quence of v. Thus vn 6→ 0. This contradiction shows that k
n
1 →∞.
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The following theorem makes more precise Theorem 2.9 of [12].
Theorem 3.2. Let u = {un} be a T -sequence in an Abelian group G such
that 〈u〉 = G. Then (G,u) is a quotient group of (ZN0 , e) under the sequence-
covering homomorphism
pi((n1, n2, . . . , nm, 0, . . . )) = n1u1 + n2u2 + · · ·+ nmum.
Proof. Taking into account Theorem 2.9 of [12], we have to show only that
pi is sequence-covering. Let v = {vn} ∈ S(G,u). By Proposition 3.1, for
some natural number m we can represent every vn 6= 0 in the form
vn = a
n
1ukn1 + · · ·+ a
n
ln
ukn
ln
,
where kn1 < · · · < k
n
ln
, |an1 |+ · · ·+ |a
n
kn
ln
| ≤ m+ 1 and kn1 →∞. Set
e′n = a
n
1ekn1 + · · ·+ a
n
ln
ekn
ln
if vn 6= 0, and e
′
n = 0 if vn = 0.
Then e′n → 0 in (Z
N
0 , e) and pi(e
′
n) = vn.
Let {(Gi, τi)}i∈I , where I is a non-empty set of indices, be a family of
Hausdorff topological groups. For every i ∈ I fix Ui ∈ UGi and put
∑
i∈I
Ui :=
{
(gi)i∈I ∈
∑
i∈I
Gi : gi ∈ Ui for all i ∈ I
}
.
Then the sets of the form
∑
i∈I Ui, where Ui ∈ UGi for every i ∈ I, form a
neighborhood basis at the unit of a Hausdorff group topology τ r on
∑
i∈I Gi
that is called the rectangular (or box) topology.
Let u = {gn} be an arbitrary sequence in S(Gi, τi). Evidently, the se-
quence ji(u) converges to zero in τ
r. Thus, the set
⋃
i∈I ji (S(Gi, τi)) is a
TS-set of sequences in
∑
i∈I Gi. So, if (Gi, τi) is a s-group for all i ∈ I, then
Definition 1.15 is correct. Moreover, we can prove the following:
Proposition 3.3. Let G =
∑
i∈I Gi, where (Gi, τi) is a s-group for every
i ∈ I. Set S :=
⋃
i∈I ji (S(Gi, τi)). The topology τS on G coincides with
the finest Hausdorff group topology τ ′ on G for which all inclusions ji are
continuous.
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Proof. Fix i ∈ I. By construction, for every {un} ∈ S(Gi, τi), ji(un)→ eG
in τS. By [12, Theorem 2.4], the inclusion ji is continuous. Thus, τS ⊆ τ
′.
Conversely, if ji is continuous, then ji (S(Gi, τi)) ⊂ S(G, τ
′). Hence S ⊆
S(G, τ ′) and τ ′ ⊆ τS by the definition of τS.
Theorem 3.4. Let (X, τ) be an Abelian s-group. Set I = S(X, τ). For every
u ∈ I, let pu(〈u〉,u)→ X, pu(g) = g, be the natural including of (〈u〉,u) into
X. Then the natural homomorphism
p : s−
∑
u∈S(X,τ)
(〈u〉,u)→ X, p ((xu)) =
∑
u
pu(xu) =
∑
u
xu,
is a quotient sequence-covering map.
Proof. Set
G := s−
∑
u∈S(X,τ)
(〈u〉,u) and S :=
⋃
u∈S(X,τ)
ju(S(〈u〉,u)) ∈ T S(G).
Since any element of X can be regarded as the first element of some sequence
u ∈ S(X, τ), p is surjective. By construction, p is sequence-covering.
Let v = {vn} ∈ S. By construction, p(vn) = vn → 0 in τ . Thus, by
[12, Theorem 2.4], p is continuous. Set H = ker p. By [12, Theorem 1.11],
G/H ∼= (X, τp(S)). Since, by construction, p(S) = S(X, τ), we obtain that
G/H ∼= (X, τ) by Proposition 1.7 of [12].
To prove Theorem 1.16 we need the following proposition.
Proposition 3.5. Let {(Xi, νi)}i∈I and {(Gi, τi)}i∈I be non-empty families
of Abelian s-groups and let pii : Gi → Xi be a quotient sequence-covering
map for every i ∈ I. Set X = s−
∑
i∈IXi, G = s−
∑
i∈IGi and pi : G →
X, pi((gi)) = (pii(gi)). Then pi is a quotient map.
Proof. It is clear that pi is surjective. Set
SX :=
⋃
i∈I
ji(S(Xi, νi)) and SG :=
⋃
i∈I
ji(S(Gi, τi)).
Since pii is sequence-covering, we have pii(S(Gi, τi)) = S(Xi, νi). Hence
pi(SG) = SX . Thus, by [12, Theorem 2.4], pi is continuous. By [12, Theorem
1.11], G/ ker(pi) ∼= (X, τpi(SG)). Hence G/ ker(pi)
∼= X and pi is a quotient
map.
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Proof of Theorem 1.16. Let I = S(X, τ). For every u ∈ I, put Gu =
(ZN0 , e), Xu = (〈u〉,u) and piu((n1, . . . , nm, 0, . . . )) = n1u1 + · · ·+ nmum. Let
pu(〈u〉,u)→ X, pu(g) = g, be the natural including of (〈u〉,u) into X . Then
the theorem immediately follows from Theorems 3.2 and 3.4 and Proposition
3.5. 
The following theorem is a natural counterpart of [18, Theorem 4.1]:
Theorem 3.6. Let (X, τ) be a non-trivial Hausdorff Abelian topological group.
The following statements are equivalent:
(i) (X, τ) is a s-group;
(ii) every continuous sequence-covering homomorphism from an Abelian s-
group onto (X, τ) is quotient.
Proof. (i) ⇒ (ii). Let p : G → X be a sequence-covering continuous
homomorphism from a s-group (G, ν) onto X . Set H = ker p. We have to
show that p is quotient, i.e., X ∼= G/H . Since p is surjective, by [12, Theorem
1.11], we have G/H ∼= (X, τp(S(G,ν))). By hypothesis and Proposition 1.7 of
[12], p(S(G, ν)) = S(X, τ) and τ = τS(X,τ). Thus G/H ∼= X .
(ii) ⇒ (i). Let I = S(X, τ), S :=
⋃
u∈S(X,τ) ju(S(〈u〉,u)) ∈ T S(G),
G := s−
∑
u∈S(X,τ)(〈u〉,u) and
p : G→ X, p ((xu)) =
∑
u
pu(xu) =
∑
u
xu,
Since every (〈u〉,u) is a s-group, G is a s-group either. By [12, Theorem 2.4],
p is continuous. Since p is sequence-covering, by hypothesis, p is quotient.
Thus (X, τ) ∼= G/ ker p. By Theorem [12, Theorem 1.11], we also have
G/ ker p ∼= (X, τp(S)). Thus τ = τp(S) and (X, τ) is a s-group.
4. Countable s-sums of s-groups
We start from the description of the topology τS on G for countably
infinite S ∈ T S(G).
Proposition 4.1. Let S = {un}n∈ω ∈ T S(G). Then the family U of all the
sets of the form∑
n
Wn =
∞⋃
n=0
(W0 +W1 + · · ·+Wn), where 0 ∈ Wn ∈ τun , n ≥ 0,
forms an open basis at 0 of τS.
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Proposition 4.1 is an immediate corollary of the following two assertions.
Lemma 4.2. Let S ∈ T S(G) for an Abelian group G and S = ∪i∈ISi, where
I is a non-empty set of indices. Then τS ⊆
∧
i τSi.
Proof. It is clear that Si ∈ T S(G) and τS ⊆ τSi for every i ∈ I. Thus, if
U ∈ τS, then U ∈ τSi for every i ∈ I. Hence τS ⊆
∧
i τSi .
Proposition 4.3. Let S = ∪∞n=0Sn ∈ T S(G). Then the family U of all the
sets of the form∑
n
Wn :=
∞⋃
n=0
(W0 +W1 + · · ·+Wn), where 0 ∈ Wn ∈ τSn , n ≥ 1,
is an open basis at 0 of τS .
Proof. It is clear that Sn ∈ T S(G) for every n.
1. We claim that U forms an open basis at zero of a Hausdorff group
topology τ on G. For this we have to check the five conditions of Theorem
4.5 of [14].
Let
∑
nWn ∈ U . To prove (i) choose Vn ∈ τSn such that Vn + Vn ⊆ Wn.
Then ∑
n
Vn +
∑
n
Vn ⊆
∑
n
(Vn + Vn) ⊆
∑
n
Wn.
(ii) and (iv) are trivial.
To prove (iii) let g = wn1 + · · · + wnm ∈
∑
nWn, where wnk 6= 0, k =
1, . . . , m. If n 6∈ {n1, . . . , nm}, we set Vn = Wn. If n = nk, we may choose
an open neighborhood Vnk of zero in τSnk such that wnk + Vnk ⊂Wnk . Then
g +
∑
n Vn ⊆
∑
nWn.
To prove (v) let
∑
n Vn,
∑
nWn ∈ U . Set Fn = Wn ∩ Vn ∈ τSn . Then∑
n Fn ⊆
∑
n Vn ∩
∑
nWn.
2. We claim that τ ⊆ τS . By the definition of τS we have to show only
that every u = {uk} ∈ Sn converges to zero in τ . Let
∑
nWn ∈ U . Since
Wn ∈ τSn , uk ∈ Wn ⊂
∑
nWn for all sufficiently large k. Thus u converges
to zero in τ .
3. We claim that τ = τS. Let U ∈ τS be an arbitrary neighborhood of
zero. Then there is a sequence of open neighborhoods of zero Un ∈ τS, n ≥ 0,
such that U0 + U0 ⊆ U and Un + Un ⊆ Un−1, n ≥ 1. By Lemma 4.2,
τS ⊆
∧
n τSn . Hence for every n ≥ 0 we may choose an open neighborhood
Wn of zero in τSn such that Wn ⊂ Un. It is clear that
∑
nWn ⊆ U .
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To prove Theorem 1.17, we need the following proposition.
Proposition 4.4. Let {Gn}n∈ω be a sequence of Abelian groups and let un be
a T -sequence in Gn for every n ∈ ω. Set G =
∑
n∈ω Gn and S = {jn(un)}n∈ω.
Then (G, τS) is a complete sequential group, τS = τ
r and
(G, τS)
∧ =
∏
n∈ω
(Gn,un)
∧.
Moreover, if all Gn are countably infinite, then (G, τS)
∧ is a Polish group.
Proof. (G, τS) is a complete sequential group by Theorem 2.7 of [12]. By
Proposition 4.1, τS = τ
r. Thus, by [15], (G, τS)
∧ =
∏
n∈ω(Gn,un)
∧. If all Gn
are countably infinite, then, by Theorem 1.2, all (Gn,un)
∧ are Polish. Hence
(G, τS)
∧ is a Polish group either.
Proof of Theorem 1.17. Set G′ =
∑
n∈ω Gn, where Gn = G for every
n ∈ ω, and S ′ = {jn(un)}n∈ω. Then, by Proposition 4.4,
(G′, τS′)
∧ =
∏
n∈ω
(G,un)
∧
is a Polish group.
Set p : (G′, τS′) → (G, τS), p((gn)) =
∑
n gn. Since p(jn(un)) = un
converges to zero in (G, τS), p is continuous by Theorem 2.4 of [12]. Set
H = ker p. Since p(S ′) = S, by [12, Theorem 1.11], (G, τS) ∼= (G
′, τS′)/H .
Then the conjugate homomorphism p∧ is a continuous isomorphism from
(G, τS)
∧ onto the annihilator H⊥ of H in (G′, τS′)
∧. By [12, Theorem 2.7],
every compact subset of (G, τS) is contained in a compact subset Kn of the
form
Kn :=
[
n⋃
i=0
(ui ∪ (−ui))
]
+ · · ·+
[
n⋃
i=0
(ui ∪ (−ui))
]
with n+ 1 summands. It is clear that a subset K ′n of G
′ of the form
K ′n :=
[
n⋃
i=0
(ji(ui) ∪ (−ji(ui)))
]
+ · · ·+
[
n⋃
i=0
(ji(ui) ∪ (−ji(ui)))
]
with n + 1 summands, is compact. Since p(K ′n) = Kn and p is onto and
continuous, p is compact-covering. Thus, by [1, Lemma 5.17], p∧ is an em-
bedding of (G, τS)
∧ into the Polish group (G′, τS′)
∧. So (G, τS)
∧ ∼= H⊥ is a
Polish group. 
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Proof of Proposition 1.18. For every Xn there is a countably infinite
Abelian group Gn and a TB-sequence un in Gn such that (Gn,un)
∧ ∼= Xn
[11]. Set G =
∑
n∈ω Gn and S = {jn(un)}n∈ω. Then the proposition follows
from Proposition 4.4. 
Proof of Proposition 1.19. By Proposition 2.9 of [11], there is a TB-
sequence u on Z2, such that (Z2,u)∧ ∼= R. Since
∑
n∈ω Z
2 ∼= ZN0 , the assertion
follows from Proposition 4.4. 
5. Open questions
We start from a question concerning Theorem 1.10:
Problem 5.1. Let X be a compact Abelian group and H be a g-closed non-
dense subgroup of X. Is there S ∈ T S(X̂) such that i∧S
(
(X̂, τS)
∧
)
= H?
As it was noted, if G is a separable metrizable Abelian topological group,
then, by [4, Theorem 1.7], the dual group G∧ is sequential. Hence G∧ is a
s-group. The following questions are open:
Problem 5.2. Let G be a non-separable metrizable (resp. Fre´chet-Urysohn
or sequential) Abelian group. Is G∧ a s-group?
Problem 5.3. Let G be an Abelian s-group. When G∧ is a s-group?
Problem 5.4. Let G be an Abelian (resp. metrizable, Fre´chet-Urysohn, se-
quential or a s-group) topological group such that G∧ is a (resp. metrizable,
Fre´chet-Urysohn or sequential) s-group. What we can say additionally about
G and G∧?
For example, if G is metrizable and G∧ is Fre´chet-Urysohn, then, by [4,
Theorem 2.2], G∧ is locally compact metrizable group.
Let G be an Abelian group and S ∈ T BS(G). Theorem 1.8 gives a
complete description of the topology τbS on G. On the other hand, we do
not know any description of the topology on the dual group.
Problem 5.5. Describe the topology of (G, τbS)
∧.
By Corollary 1.9, (G, τbS)
∧ = (G, τS)
∧ algebraically. It is natural to ask:
Problem 5.6. When the groups (G, τbS)
∧ and (G, τS)
∧ are topologically iso-
morphic? In particular, when (G, τu)
∧ ∼= (G, τbu)
∧?
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Let G be a countably infinite Abelian group and S ∈ T BS(G). By Corollary
2.5, if (G, τbS)
∧ is countable, then (G, τbS) is not reflexive.
Problem 5.7. Is there a S ∈ T BS(G) for a countably infinite Abelian group
G such that (G, τbS) is reflexive?
Note that the positive answer to the last question will give the positive answer
to the following general problem:
Problem 5.8. (M. G. Tkachenko) Is there a reflexive precompact group
topology on a countably infinite Abelian group (for example, on Z)?
Taking into consideration of Corollary 1.13 and Proposition 1.14, one can
ask:
Problem 5.9. Which MAP Abelian groups are g-closed in its Bohr com-
pactification?
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